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The impurity-related electron transport through a double quantum dot (QD) Aharonov-Bohm
(AB) interferometer is theoretically studied, by considering impurities coupled to the QDs in the
interferometer arms. When investigating the linear conductance spectra vs the impurity levels, we
show that the impurities influence the electron transport in a nontrivial way, since their suppressing
or enhancing the electron tunneling. A presented single-level impurity leads to the appearance of
Fano lineshapes in the conductance spectra in the absence of magnetic flux, with the positions of
Fano antiresonances determined by both the impurity-QD couplings and the QD levels separated
from the Fermi level, whereas when a magnetic flux is introduced with the the phase factor φ = pi the
impurity-driven Breit-Wigner lineshapes appear in the conductance curves. Besides, the nonlocal
impurities alter the period of conductance change vs the magnetic flux. The multi-level impurities
indeed complicate the electron transport, but for the cases of two identical local impurities coupled to
the respective QDs with uniform couplings or a nonlocal impurity coupled to both QDs uniformly,
the antiresonances are only relevant to the impurity levels. When many-body effect is managed
within the second-order approximation, we also find the important role of the Coulomb interaction
in modifying the electron transport.
PACS numbers: 73.21.La, 73.63.-b, 73.23.Hk
I. INTRODUCTION
Current experimental developments and advances
at the nanometer scale have allowed to realize and
manipulate QDs in a controlled way1, which moti-
vated researchers to devote themselves to the elec-
tron properties in QD systems with the observa-
tion of the atom-like characteristics of a QD, such
as the discrete electron level and strong electron
correlation2, conductance oscillation, and the Kondo
effect3,4,5. And these features permitted to employ
QDs to build various nano-devices, including recti-
fiers, amplifiers, lasers, etc6,7,8.
Due to their similitude with natural atoms, QDs
are usually viewed as artificial atoms, and then
two or more coupled QDs are regarded as artifi-
cial molecules. Multiple QD systems are of par-
ticular interest and importance, since they possess
higher freedom and admit different kinds of con-
nections to leads in implementing some functions
of quantum devices6,7,8,9,10. With respect to var-
ious multiple-QD structures, the configurations of
double QDs, i.e., the simplest coupled QDs, have
received more attention than the others both ex-
perimentally and theoretically11. Initially, most of
studies considered serially-coupled double QDs12,
but posteriorly the T-shaped and parallel configu-
rations were examined13,14,15,16,17,18,19, in which the
quantum interference are comparatively complicated
due to the existence of different transmission paths,
and the peculiar electron transport properties in
them were thereby found, respectively. It is known
that for the structures of T-shaped QDs, when ei-
ther eigenlevel of the side-coupled QDs reaches the
Fermi level of the system the electron transmis-
sion is sharply suppressed which is the so-called
antiresonance phenomenon18. As for the parallel
double-QD configurations, they, also described as
the double-QD molecule embedded in an AB ring,
have also been extensively investigated, where the
presence of a magnetic flux adds a new tool in the
control of electron transport behaviors19,20. Ac-
cordingly, the AB oscillations have been observed
theoretically, accompanied by the support of lots
of experimental works. Then, the phenomenon of
the effective flux-dependent level attraction was also
found.20 On the other hand, in the cases of the ap-
propriate QD-lead couplings, the well-known Fano
effect was examined, which motivated many studies
about this issue, including the tunable Fano line-
shape by the magnetic or electrostatic fields applied
on the QDs,21,22 the Kondo resonance associated
Fano effect,23,24 Coulomb-modification on the Fano
effect,25 the relation between the dephasing time
and the Fano parameter q26, and the spin-dependent
Fano effect associated with the Rashba spin-orbital
(SO) coupling.27,28
Despite these mentioned works, so far it is still
a formidable challenge to fabricate two clean QDs
in the experiments due to irregularities and de-
fects in the QD system. Some localized states of-
ten appear in QD systems, which are hybridized
with the QD levels. But they are not coupled
directly to the leads, which, thereby, are called
the impurity states. In some previous literature,
the effect of impurities on the electron coherence
transmission through the low-dimensional systems
has been reported.29,30,31,32,33,34,35,36,37,38 Some re-
searchers demonstrated the trapping of a conduc-
2tion electron between two identical impurities in a
quantum wire (or a QD array), as a result, the
quantum interference was modified to a great ex-
tent and there appear notable phenomena of bound
states in continuum.29,37 Other groups showed that
the impurity-driven Fano resonances in quantum
wires are sensitively related to the parameters of
impurity, such as its strength, position, and lat-
eral extent, which produces substantially different
effects on the Fano resonance. Wu et al. studied
the phonon-assisted electron transmission through
a single QD with impurity scattering effects.30 The
results showed that impurity states have weak in-
fluence on the suppression of the shot noise. More
recently, in a one-dimensional quantum wire side-
hybridized with a single-level impurity, the low-
temperature properties of interacting electrons were
studied.31 It reported that the hybridization in-
duces a backscattering of electrons in the wire which
strongly affects its low-energy properties. Thereby,
one can predict that the impurity states play an im-
portant role in the quantum transport process.
With respect to such a topic, it is desirable to
investigate the influence of impurities on electron
transport coupled-QD structures. In the present pa-
per, we study the quantum interference in electron
transport through a double QD AB interferometer
modified by impurities side-coupled to the QDs in
its arms. As a result, it is found the notable con-
tribution of impurities to the electron transmission
through this structure. We show that the presence
of a single-level impurity induces the appearance of
Fano lineshapes in the conductance spectra in the
zero-magnetic-field case, whereas it drives the con-
ductance spectra to exhibit Breit-Wigner lineshapes
by the presence of magnetic flux, in which the prop-
erties of the corresponding lineshapes are strongly
determined by the impurity-QD couplings. Besides,
the nonlocal impurities alter the period of conduc-
tance change vs the magnetic flux. The multi-level
impurities further transform the electron transport
with the complication of conductance curves, but for
the cases of each QD couples to the impurities uni-
formly, the antiresonances are only relevant to the
impurity levels. Also, we see the interesting effect
of the Coulomb interaction on the adjustment of the
electron traveling.
II. THE THEORETICAL MODEL
The double QD AB interferometer under consid-
eration is schematically illustrated in Fig.1. The sys-
tem Hamiltonian is written as
H0 =
∑
σkα∈L,R
εαkc
†
αkσcαkσ +
2∑
σ,j=1
εjd
†
jσdjσ
+
∑
σ,α,k,j
Vjα,σd
†
jσcαkσ +H.c., (1)
where c†αkσ and d
†
jσ ( cαkσ and djσ) with the spin
σ =↑, ↓ is an operator to create (annihilate) an elec-
tron of the state |k, σ〉 in lead-α (α = L,R) and |j, σ〉
in QD-j (j = 1, 2). εαk and εj are the correspond-
ing single-particle energy. Vjα,σ denotes the QD-
lead coupling strength. We adopt a uniform QD-
lead coupling configuration which gives that V1L,σ =
V ∗1R,σ = V e
i(φ/4+σϕ) and V2R,σ = V
∗
2L,σ = V e
iφ/4
with the constant V . The phase shift φ is associ-
ated with the threaded magnetic flux Φ by a relation
φ = 2πΦ/Φ0, in which Φ0 = h/e is the flux quantum.
Besides, if the Rashba interaction is applied to either
QD, eg., QD-1, V1α,σ will involve the spin-dependent
phase σϕ, which arises from the electron spin pre-
cession induced by the Rashba SO coupling27,28.
To study the electronic transport properties, the
linear conductance of the noninteracting system
at zero temperature is obtained by the Landauer-
Bu¨ttiker formula39
G =
∑
σ
Gσ =
e2
h
∑
σ
Tσ(ω)|ω=εF . (2)
Tσ(ω), the transmission function, in terms of
Green function takes the form as40 Tσ(ω) =
Tr[ΓLσG
r
σ(ω)Γ
R
σG
a
σ(ω)]. Γ
α
σ , a 2 × 2 matrix, is de-
fined as [Γα]jj′,σ = 2πVjα,σV
∗
j′α,σρ(ω) describing
the coupling strength between the QDs and lead-
α. We will ignore the ω-dependence of Γαjj′,σ since
the electron density of states in lead-α, ρ(ω), can
be usually viewed as a constant. The retarded and
advanced Green functions in Fourier space are in-
volved, which can be solved by means of the nonequi-
librium Green function technique and equation-of-
motion method.40,41 By a straightforward deriva-
tion, we obtain the retarded Green functions written
in a matrix form as
Grσ(ω) =
[
g1σ(z)
−1 iΓ12,σ
iΓ21,σ g2σ(z)
−1
]−1
. (3)
gjσ(z) = (z − εj + iΓjj,σ)
−1 with z = ω + i0+ and
Γjj′,σ =
1
2 ([Γ
L]jj′,σ + [Γ
R]jj′,σ). In addition, the
advanced Green function can be readily obtained via
a relation [Gaσ(ω)] = [G
r
σ(ω)]
†. Based on the above
derivations, the analytical expression of the linear
conductance of σ-spin electron can be written out
by taking Γ = 2πV 2ρ(ω), i.e.,
3Gσ =
e2
h
ε21 + ε
2
2 + 2ε1ε2 cos(φ+ 2σϕ)
[ε1ε2 − Γ2 + Γ2 cos2(
φ
2 + σϕ)]
2 + (ε1 + ε2)2Γ2
Γ2 (4)
III. NUMERICAL RESULTS AND
DISCUSSION
With the formulation developed in the section
above, we can carry out the numerical calculation to
investigate the linear conductance of this double-QD
structure modulated by impurities coupled to QDs.
Prior to calculation, we take the strength of the uni-
form QD-lead couplings Γ as the unit of energy and
the Fermi level εF as the zero point of energy.
To begin with, we do not take the Rashba SO
coupling into account ( then, the electron transport
is independent of the spin index ), and for simplic-
ity we focus on the structure of uniform QD levels
by letting εj = ε. Thereby, in the absence of im-
purity the electron transport results of this struc-
ture are ascertained with the help of Eq.(4): In the
zero-external-flux case G has a compact expression
as 2e
2
h
4Γ2
ε2+4Γ2 , the same as the result of the single-
channel electron transmission with the QD level ε
and QD-lead coupling 2Γ, whose value is obviously
determined by the relative values of QD levels with
respect to the Fermi level of this system; however,
irrelevant to the shift of QD levels, a threaded mag-
netic flux with the phase factor φ = π can lead to
the conductance equal to zero.20
A. Local impurity-QD coupling
For the case where in the interferometer arms
there exist impurities coupled to the QDs respec-
tively, i.e., the impurities couple to QDs locally, the
Hamiltonian of this system should be rewritten as
H = H0 +HI +HT . HI describes electrons in the
impurities, which takes a form as
HI =
∑
mσ
(ǫma
†
mσamσ + χma
†
m+1,σamσ +H.c.)
+
∑
nσ
(enb
†
nσbnσ + λnb
†
n+1,σbnσ +H.c.), (5)
with a†mσ and b
†
nσ (amσ and bnσ) (m, n ≥ 1) denot-
ing the creation (annihilation) operator of electron
in impurities. ǫm and en are the single-energy lev-
els of the corresponding impurities, whereas χm and
λn represent the coupling coefficients between two
impurities. HT describes the electron tunneling be-
tween the QDs and impurities
HT =
∑
σ
(t1a
†
1σd1σ + t2b
†
1σd2σ +H.c.), (6)
in which tj are the couplings between QDs and
impurities. Consequently, in such a case we have
gjσ(z) = (z − εj − Σjσ + iΓjj,σ)
−1. The selfen-
ergies Σjσ, originating from the couplings of im-
purities to the QDs of the interferometer, can be
written out explicitly as Σ1σ =
t2
1
z−ǫ1−
χ2
1
z−ǫ2−···
and
Σ2σ =
t2
2
z−e1−
λ2
1
z−e2−···
42. Therefore, the effect of the
local impurities only consists in renormalizing the
QD levels as ε˜jσ = εj +Σjσ.
Then, we concentrate on the characteristics of the
linear conductance for the case of a single-level im-
purity coupled to either QD of the interferometer
(e.g., QD-2 here). By taking e1 = ε0, t2 = Γ, and
t1 = λ1 = 0, we show the calculated results of the
conductance G influenced by the single-level impu-
rity in Fig.2. From Fig.2(a), we can find that when
the QD levels are consistent with the Fermi level,
the conductance is equal to 2e2/h, the same as the
zero-impurity results. This means that in such a
case the impurity cannot affect the quantum trans-
port through the structure. However, a presented
magnetic flux changes the role of impurity in this
quantum coherent transport process, namely, for the
cases of a finite magnetic flux through the interfer-
ometer, the profiles of conductance vs ε0 present
Breit-Wigner lineshapes, and also, with the increase
of magnetic flux the width of the conductance peak
becomes narrow, respectively corresponding to the
dotted and dashed lines in Fig.2(a). It is readily
found that in the presence of one impurity cou-
pled to QD-2, ε˜2σ is expressed as ε − t
2
2/ε0, so
when ε = 0 the conductance can be simplified as
G = 2e
2
h
t2
2
ε2
0
(1−cos2 φ
2
)2+t2
2
, and it is not difficult to un-
derstand the contribution of impurity to the elec-
tronic transport under such a condition.
We next focus on the situations of the QD lev-
els separated from the Fermi level of the system
(i.e., ε 6= 0), with the results of ε = 0.5Γ shown
in Fig.2(b). From the figure, one can find that in
the absence of magnetic flux, the conductance spec-
trum shows a Fano lineshape with its antiresonant
point around the point of ε0 = Γ and the Fano res-
onance peak in the vicinity of ε0 = 2Γ. So, op-
posite to the ε = 0 results the effect of impurity
here on the quantum transport is more apparent be-
cause of the suppression or enhancement of the elec-
tron transmission with the change of impurity level.
When a magnetic flux is presented with φ = π2 the
conductance profile does not show the Breit-Wigner
lineshape any more. Only with the further increase
of magnetic flux to φ = π, the conductance curve,
analogous to the results of ε = 0, also exhibits a
Breit-Wigner lineshape, but its peak departs from
4the zero point of energy. Fig.2(c) offers us the con-
ductance results of ε = Γ, and, it can be seen that
different from that in Fig.2(b), when φ = 0 the Fano
lineshape in the conductance spectrum turns to be
more clear, and its antiresonance valley emerges in
the vicinity of ε0 =
Γ
2 with the resonance peak at
the point of ε0 = Γ. Alternatively, although in the
case of φ = π the lineshape of conductance curve
keeps ‘Breit-Wigner’, its peakwidth is correspond-
ingly narrow and the conductance peak undergoes
a futher right shift. So far, the contribution of the
single-level impurity to the electron transport can
be concluded as follows. At the zero-external-field
situation, only when the QD levels depart from the
Fermi level the impurity can modulate (enhance or
weaken) the electron traveling through the struc-
ture, since the appearance of Fano lineshape in the
conductance spectrum; on the other hand, when
there is a threaded magnetic flux with φ = π, not
only the original destructive quantum interference
can be changed, but also the resonant tunneling can
be realized with the appearance of the Breit-Wigner
lineshape in the conductance spectrum, irrelevant to
the change of QD levels.
With the help of the results in Fig. 3, this single-
level-impurity induced Fano effect can be detailedly
analyzed. By virtue of the results in Fig. 3(a) where
ε = 0.5Γ, we can readily find that with the strength-
ening of the impurity-QD coupling the Fano line-
shape in the conductance curve shifts right, followed
by the wideness of antiresonance valley proportion-
ally. Via a further observation, we know that the
antiresonance position is tightly associated with the
impurity-QD coupling strength, and at the point of
ε0 ≈ t
2
2 there occurs Fano antiresonance in electron
tunneling through such a system. That is to say, in
this configuration the antiresonant point in the con-
ductance spectrum can reflect the coupling strength
between the impurity and QD, which may be help-
ful for the current experiment in the low-dimensional
physics. Then, by fixing the QD levels at ε = Γ, we
plot the conductance spectra with the increase of t2,
as shown in Fig.3(b). Distinctly, although the an-
tiresonance point shifts right with the increment of
the QD-impurity coupling, the relation between the
antiresonance and the QD-impurity coupling is dif-
ferent from the results in the above case, i.e., here
the antiresonant point comes into being at the posi-
tion of ε0 ∼
t2
2
2 in principle. Therefore, it is clear that
the presentation of the antiresonance is dependent
on both the QD-impurity coupling strength as well
as the separation of the QD levels from the Fermi
surface.
In order to discuss the impurity-induced Fano res-
onances we would like to write the conductance ex-
pression as its Fano form. Without loss of general-
ity, the Fano form of the conductance formula can
be easily obtained
G =
∑
σ
e2
h
Tbσ
|eσ + qσ|
2
e2σ + 1
, (7)
where Tbσ = Γ
L
11,σΓ
R
11,σ/[ε˜
2
1σ +
Γ211,σ], eσ = −ReG
r
22,σ/ImG
r
22,σ,
and qσ = −
ε˜1σ
Γ11,σ
(ΓL12,σΓ
R
21,σΓ11,σ −
TbσΓ12,σΓ21,σΓ11,σ)/(Γ
L
11,σΓ
R
11,σΓ22,σ − TbσΓ12,σΓ21,σΓ11,σ).
Under the condition of uniform QD-lead coupling,
qσ can be simplified as qσ = −
ε˜1σ
Γ [e
i(φ+2σϕ) −
Tbσ cos
2(φ2 + σϕ)]/[1 − Tbσ cos
2(φ2 + σϕ)] and eσ =
− ε˜2σΓ [1+Tbσ cos
2(φ2 +σϕ)
ε1σ
ε˜2σ
]/[1−Tbσ cos
2(φ2 +σϕ)].
It is seen that, for the case shown in Fig.2(a) in
which the Rashba interaction is absent and the
uniform QD levels coincide with the Fermi level, qσ
is equal to zero, so the conductance profile does not
exhibit the Fano lineshape. Concretely, when φ = 0
eσ gets close to infinity all long, which induces the
result of G ≡ 2e2/h. With regard to the results
shown in Fig.2(b)-(c), in the zero-magnetic-field
case the separation of ε from the Fermi level
makes qσ nonzero and eσ convergent, thereby, the
Fano lineshape comes about in the conductance
spectrum. Moreover, the antiresonant points in
the conductance spectra can be ascertained by
considering eσ + qσ = 0. Via a simple derivation,
the position of antiresonance can be obtained
analytically, when ε0 =
t2
2
2ε the conductance en-
counters zero which means the occurrence of the
antiresonance effect. Based on this result, one
can understand the quantitative dependence of
the antiresonance point on both the strength of
impurity-QD coupling and the values of QD levels.
Therefore, in such a structure, the occurrence of
Fano antiresonance remarkably differs from those
in the single-channel system with impurity, where
the antiresonance occurs once the impurity level is
aligned with the Fermi level18. The position of Fano
peak can be obtained as well, accordingly, just at
the point of
t2
2
ε there emerges the Fano resonance.
Meanwhile, it is certain that changing the position
of QD levels with respect to the Fermi level can lead
to the variation of the sign of ε, then, the sign of
qσ alters which brings out the inversion of the Fano
lineshape, corresponding to the shot-dashed line in
Fig.3. Up to now, in this structure the Fano effect
driven by a single-level impurity has been clarified.
According to the results in Fig.2, when φ = π
qσ =
ε˜1σ
Γ is real, but the conductance curves present
Breit-Wigner lineshapes, independent of the devia-
tion of QD levels from the Fermi level. The only
phenomenon is that with the increase of ε, the con-
ductance peak becomes narrow following its right
shift. Thus, such results do not coincide with the
previous discussions that only an imaginary qσ could
cause the appearance of a Breit-Wigner lineshape in
the corresponding conductance.43 We have to con-
tinue to study the behaviors of eσ + qσ when φ = π.
5Then, we find that in such a case eσ + qσ =
t2
2
Γε0
has no opportunity to be zero, irrelevant to the QD
levels in the quantum transport regime. By a sim-
plification, the conductance can be written explic-
itly as G = 2e
2
h Tbσt
4
2/[(ε0 −
εt2
2
ε2+Γ2 )
2 +
Γ2t4
2
ε2+Γ2 ]. Based
on such a result, the exhibition and properties of the
Breit-Wigner lineshape in the conductance curve can
be well understood, i.e., decreasing the QD-impurity
coupling or increasing the value of QD levels can lead
to the narrowness of the conductance peak. Well, in
the case of ε = Γ, the quantities
εt2
2
ε2+Γ2 =
t2
2
2ε , which
leads to the superposition of the antiresonant point
in the φ = 0 conductance spectrum and the conduc-
tance peak of φ = π. In addition, all the results
above tell us that the magnetic-induced inversion of
Fano lineshapes is unfeasible in this model.
Although the above analysis is helpful for
understanding the properties of the impurity-
driven electron transport, one has to know that
the underlying physics in the electron motion
of such a structure should be quantum interfer-
ence, which can be described by means of the
language of Feynman path43. To illustrate this
issue, we rewrite the electron transmission function
as Tσ(ω) = Tr[Γ
L
σG
r
σΓ
R
σG
a
σ] = |
2∑
j,l=1
tσ(j, l)|
2,
where the electron transmission coefficients
are defined as t(j, l) = V¯Lj,σG
r
jl,σ V¯lR,σ with
V¯jα,σ = V¯
∗
αj,σ = Vjα,σ
√
2πρ(ω). Besides, it is
necessary to define V˜jα,σ = V˜
∗
αj,σ = Vjα,σ
√
πρ(ω)
for the following discussion. At the beginning,
we expand the Green function into an infinite
geometric series. Taking Gr11 as an example,
we have Gr11,σ = g
−1
2σ /[g
−1
1σ g
−1
2σ + Γ12,σΓ21,σ] =
∞∑
j=0
g1σ(−g1σg2σΓ12,σΓ21,σ)
j . Thereby, we can ex-
press the transmission coefficient tσ(1, 1) as a sum-
mation of Feynman paths with different orders, i.e.,
tσ(1, 1) =
∞∑
j=0
V¯L1,σg1σ(−g1σg2σΓ12,σΓ21,σ)
j V¯1R,σ =
∞∑
j=0
tjσ(1, 1). By the same token, we can
expand other transmission coefficients as a
summation of Feynman paths: tσ(2, 2) =
∞∑
j=0
V¯L2,σg2σ(−g2σg1σΓ12,σΓ21,σ)
j V¯2R,σ =
∞∑
j=0
tjσ(2, 2), tσ(1, 2) =
∞∑
j=1
iV¯L1,σ(−g1σg2σΓ12,σ)
jΓj−121,σV¯2R,σ =
∞∑
j=1
tjσ(1, 2), and tσ(2, 1) =
∞∑
j=1
iV¯L2,σ(−g1σg2σΓ21,σ)
jΓj−112,σV¯1R,σ =
∞∑
j=1
tjσ(2, 1).
With the above analysis, we find that quantum
interference occurs among infinite Feynman paths,
and only for the case of φ = π all the higher-order
paths vanish because of the destructive interference
among them and the two zero-order paths[t0σ(1, 1)
and t0σ(2, 2)] remain. We then analyze the respec-
tive contributions of the leading Feynman paths
to the quantum interference, as shown in Fig.4.
From the figure, it is found that t0σ(1, 1) provides
a nonresonant path for the electron transmission.
But, in the other interferometer arm, the coupling
between the impurity and QD-2 modulates the fea-
ture of |t0σ(2, 2)|
2 nontrivially because it presents
an antisymmetric lineshape with the shift of ε0.
Of course, the phase of t0σ(2, 2) can also be tuned
with the shift of the impurity level. As a result,
the interference between these two paths induces
the antisymmetric lineshape of the contribution to
the conductance in spite of its being greater than
unity. When the contribution of the first-order
paths is taken into account, the contribution of
low-order paths to conductance gets close to the
curve of the standard conductance. With this, the
occurrence of Fano interference in this system can
be well clarified, i.e., just the existence of impurity
modifies the phase of electron waves through QD-2
of the interferometer. On the other hand, in the
presence of magnetic flux φ = π, the high-order
modification can be safely ignored due to the de-
structive interference of high-order Feynman paths,
and the interference between the two paths gives
rise to the appearance of Breit-Wigner lineshape in
the conductance spectrum, as shown in Fig.4(b).
With regard to the situation where in both arms
there exist impurities, we first would like to consider
the simple case that there is a single-level impurity
respectively side-coupled to each QD of the inter-
ferometer. The corresponding results are shown in
Fig.5 in which ǫ1 = e1 = ε0 and χ1 = λ1 = 0. Here,
by fixing t2 at Γ and increasing the amplitude of t1,
the interplay between the impurities in the two arms
on the quantum interference is easy to be under-
stood. Just in Fig.5(a), we can see that the nonzero
t1 changes the electronic transport strikingly with
its complicating the original Fano interference, even
if a weak coupling between the impurity and QD-1
is considered. To be concrete, in the case of zero
magnetic flux, except the antiresonance point at the
position of ε0 =
t2
2
2ε the other antiresonance occurs in
the vicinity of ε0 = 0. By virtue of the results in pre-
vious works, this phenomenon can be explained as
follows. In the presence of an impurity side-coupled
to one QD, the electron transport in the correspond-
ing channel will be suppressed completely when the
impurity is aligned with the Fermi level18. Thus,
when both the impurity levels are identical with the
Fermi level, the electron transmission in both chan-
nels of the interferometer are restraint, which, inde-
pendent of the application of magnetic flux, results
in the appearance of antiresonance at the point of
ε0 = 0. So, when φ = π, there is also a Fano antires-
onance in the conductance spectrum at the point
of ε0 = 0. In addition, with the increment of t1
6from 0.2Γ to Γ, the original Fano antiresonance ( at
the point of ε0 =
t2
2
2ε ) shifts right and the antireso-
nance valley becomes narrow until its disappearance,
but, the antiresonant point at the Fermi level is fixed
and the corresponding antiresonance valley widens.
This is for reason that the increase of t1 the prop-
erty of g1σ gets close to that of g2σ, and, just when
t1 = t2 g1σ has the same properties as g2σ, which
drives the present electron transport similar to that
in the single-channel case (i.e., the T-shaped double
QDs ). Then, one can readily understand the emer-
gence of conductance zero at the position of ε = 0 in
the zero-magnetic-flux case, as shown in Fig.5(d).
There is no doubt that the consideration of multi-
level impurities can further influence the quantum
interference in this structure. As shown in Fig.6, we
plot the conductance spectra in the case of double-
level impurities considered. We can find, from
Fig.6(a) with ε = Γ and t1 = λ2 = 0, that when
only one double-level impurity is presented in ei-
ther arm of the interferometer, in the case of zero
magnetic flux there are two Fano lineshape exist-
ing in the conductance spectrum, the space of which
is consistent with the impurity-level space. Simi-
lar to those in the case of single-level impurity, the
Fano antiresonant points in conductance spectrum
of φ = 0 corresponding to the conductance peak in
the case of φ = π. But, here between the φ = π con-
ductance peaks an antiresonance comes into being,
which can be clarified by paying attention to the in-
terference between t0σ(1, 1) and t0σ(2, 2), described
by the inset of Fig.6(a). For the case where in each
arm there is a double-level impurity, the lineshapes
of the conductance become more complex, as shown
in Fig.6(b)-(d). In such a case, we fix the values of
t2 and λ1, while change the amplitudes of t1 and
χ1 to analyze the variation of conductance by the
two double-level impurities. Surely, both the im-
purities in different channels contribute to the an-
tiresonances in the φ = 0 conductance curve and
resonances in φ = π conductance profiles, respec-
tively. It is seen that when φ = π, compared with
the results of one impurity, the antiresonance in the
vicinity of Fermi level becomes an insulating band
and it is more clear with the increase of t1, which
also arises from the similar properties of g1σ and g2σ.
Similar to the results in Fig.5(d), when the identi-
cal impurities respectively couple to the QDs with
uniform couplings, the Fano antiresonance is only
relevant to the eignlevels of the impurities ( ε0 ± λ1
here ).
As for the extreme case where the levels of impuri-
ties become continuous, by assuming ǫm = en = ε0
and tj = χm = λn = Γ we can obtain Σ1(2)σ =
1
2 (−ε0− i
√
4Γ2 − ε20) in such a case. Under the con-
dition of |ε0| < 2Γ, ImΣ1(2)σ 6= 0. So it can be
anticipated that in electron transport through the
QDs, there will occur the notable inelastic scatter-
ing. As shown in Fig.7(a), even if only there exist
continuous-level impurity in one arm of the interfer-
ometer, the electron coherent tunneling through the
corresponding channel is seriously restraint. Only at
the upper edge of the energy band the Fano interfer-
ence emerges in the absence of magnetic flux, which
is due to that ImΣ1(2)σ → 0 in this region and then
the role of impurity is similar to that of single-level
one. However, in Fig.7(b) it is seen that the appear-
ance of an additional concrete-level impurity in the
other interferometer arm can enhance the electronic
transport. When there exist continuous-level impu-
rities coupled to both the QDs, no Fano lineshape
comes about in the conductance spectrum any more.
Next, we have to make a remark regarding the
many-body effect which we have by far ignored.
As is known, the many-body effect is an impor-
tant origin for the peculiar transport properties in
QDs. Usually, the many-body effect is incorpo-
rated by considering only the intradot Coulomb
repulsion, i.e., the Hubbard term. If the Hub-
bard interaction is not very strong, we can trun-
cate the equations of motion of the Green func-
tions to the second order. By a straightforward
derivation, we find that in such an approxima-
tion, only the relevant QD and impurity levels
are renormalized, i.e., εjσ = εj(
z−εj−Uj
z−εj−Uj+Uj〈njσ¯〉
),
ǫmσ = ǫm(
z−ǫm−Um
z−ǫm−Um+Um〈nmσ¯〉
), and enσ =
en(
z−en−Un
z−en−Un+Un〈nnσ¯〉
), correspondingly, the formula
Eq.(2) is still feasible to calculate the linear
conductance.40,42 As a typical case, in Fig.8, by tak-
ing the many-body terms into account, we investi-
gate the linear conductance modified by a single-
level impurity, with the structure parameters the
same as those in Fig.2(c). From the figure, we can
find that when the uniform many-body strength is
considered, the conductance spectra are divided into
two groups, since the energy level εj ( ǫm or en )
splits into two, i.e., εj and εj +U ( ǫm and ǫm + U ,
or en and en + U ). It is seen that only in the case
of ε = Γ the conductance lineshape in each group
keeps the electron transport properties of the non-
interacting case. But when ε = −Γ, the effect of
the electron interaction on the electron transport is
more remarkable and the lineshapes of the conduc-
tance spectra in each group are tightly influenced
by the Coulomb strength, as shown in Fig.8(b)-(c),
which presents as the disappearance or inversion of
the Fano lineshapes caused by the different-strength
Coulomb interactions. Such results are due to that
the Coulomb repulsion brings about the change of
qσ’s sign ( + or − ). When the appropriate elec-
tron interaction in QD-1 is considered, the renor-
malized level ε1σ is written as ε1(
z−ε1−U1
z−ε1−U1+U1〈n1σ¯〉
),
so, the signs of both ε1σ and the Fano parameter qσ
( here qσ = −ε1σ/Γ ) is obviously dependent on the
Coulomb strength U1.
7B. Nonlocal impurity-QD coupling
With respect to the case of the impurity coupled
to both QDs nonlocally, the Hamiltonian HI and
HT should be respectively expressed as
HI =
∑
σ,m
ǫma
†
mσamσ +
N−1∑
σ,m=1
χma
†
m+1,σamσ +H.c.(8)
and
HT =
∑
σ
(t1a
†
1σd1σ + t2a
†
Nσd2σ +H.c.). (9)
For simplicity, by means of the theory in Ref.44 we
can work out the Green functions involved so as to
the conductance.
Then, in Fig.9 the situation of a single-level im-
purity is first discussed, and by fixing t2 at Γ we
investigate the influence of the presence of t1 on the
conductance properties. From this figure it can be
found that when no magnetic flux is taken into ac-
count, similar to the results in Fig.3, only in the
cases of QD levels separated from the Fermi level
there emerge the Fano lineshapes in the correspond-
ing conductance spectra and the excess of QD lev-
els to the Fermi level gives rise to the inversion of
the Fano lineshapes. However, the appearance of
nonzero t1 shifts the antiresonance position in the
conductance curve to a great extent. First, the an-
tiresonance does not appear at the point of ε0 =
t2
2
2ε
any more but with the increase of t1 it gets close to
the zero point of energy, followed by the wideness of
the antiresonance valley. Just when t1 = t2 = Γ the
antiresonance occurs at the point of ε0 = 0, as shown
in Fig.9(b)-(c). Besides, it is of importance that the
simultaneous couplings of the impurity to QDs alter
the period of conductance change ( vs magnetic flux
) from 2π to 4π. Concretely, when the magnetic flux
increases to φ = 2π, the conductances present much
differences from those in the zero-magnetic-flux case,
as shown in Fig.9(e)-(f), i.e., in such a case the in-
crease of t1 induces the shift of antiresonance point
to the high-energy direction with the narrowness of
the antiresonance valley, until the disappearance of
antiresonance when t1 = Γ in which the conductance
becomes irrelevant to the tuning of ε0.
Analogous to the discussion in the above subsec-
tion, for convenience of analyzing the Fano antires-
onance effect here we also rewrite the conductance
expression into its Fano form. First, the retarded
Green functions that describe the electron motion
can be written in a matrix form as
Grσ(ω) = gσ(z)
−1 ·
[
g˜1σ(z)
−1 iΓ˜12,σ
iΓ˜21,σ g˜2σ(z)
−1
]−1
(10)
where g˜jσ(z)
−1 = gjσ(z)
−1gσ(z)
−1 − |tj |
2, Γ˜12,σ =
it1t2 + Γ12,σgσ(z)
−1, and Γ˜21,σ = it
∗
1t
∗
2 +
Γ21,σgσ(z)
−1, with gσ(z) = [z − ε0]
−1 being the im-
purity Green function in the absence of impurity-
QD couplings. Consequently, by letting Tbσ =
ΓL11,σΓ
R
11,σ/[ε˜
2
1 + Γ
2
11,σ] ( with ε˜j = εj + |tj |
2gσ) and
eσ = −ReG
r
22,σ/ImG
r
22,σ the Fano form of the con-
ductance formula can be obtained
G =
∑
σ
e2
h
Tbσ
|eσ + q˜σ|
2
e2σ + 1
, (11)
and the new Fano parameter is defined as q˜σ =
− ε˜1Γ [e
i(φ+2σϕ) −AσTbσ]/[1− Tbσ(Aσ + Bσε˜1)], with
Aσ = (Γ12,σΓ21,σ − |t1t2|
2g2σ)/Γ
2 and Bσ =
(t1t2Γ12,σ + t
∗
1t
∗
2Γ21,σ)gσ/Γ
3. Then, with the help of
the results above, the Fano antiresonance point can
be clarified, i.e., at the point of ε0 =
|t1−t2|
2
2ε the con-
ductance becomes zero in the absence of magnetic
flux. However, when φ = 2π the antiresonant point
comes into being at the position of ε0 =
|t1+t2|
2
2ε ,
except for the case of t1 = t2 where G ∼
4Γ2
ε2+4Γ2 is
extremely simplified and independent of ε0. On the
other hand, notice that the quantum interference in
this structure is completely different from the sys-
tem in the above subsection, and it seems that the
quantum interference of this case is relatively com-
plicated since the nonlocal couplings of the impurity
to QDs provides an additional channel for the elec-
tron transmission. In order to analyze the quantum
interference in such a situation, one has to deal with
this model in the molecular-orbital representation,
because the coupled structure formed by the impu-
rity and QDs can be viewed as a new QD molecule,
and just the quantum interference among its eigen-
states causes the present conductance results. The
detailed demonstration in Ref.44 can help us clarify
the picture of quantum interference here.
We next show the conductance spectra in the case
of the magnetic flux phase factor φ = π. It is
clear that the conductance spectra always exhibit
Breit-Wigner lineshapes, independent of the change
of t1 and ε. But, the effect of the nonzero t1 on
the modulation of conductance lineshape can not
be ignored. As presented by Fig.10(a) when the
QD levels are the same as the Fermi level, i.e.,
ε = 0, the increment of t1 causes the wideness of
the conductance peak. In addition, the results in
Fig.10(b)-(c) suggest that for the case of the finite-
value QD levels, with the increase of t1 the conduc-
tance peak shifts right as well, accompanied by its
widening. When paying attention to the Fano form
of the conductance in Eq.(11), we find that there
is no probability for eσ + q˜σ to be equal to zero,
but the conductance expression can be written as
G = 2e
2
h Tbσ(t
2
1 + t
2
2)
2/[(ε0 −
ε(t2
1
+t2
2
)
ε2+Γ2 )
2 +
Γ2(t2
1
+t2
2
)2
ε2+Γ2 ],
by which the conductance properties in this case can
be well understood.
When there is a nonlocal double-level impurity
coupled to the QDs, from Fig.11 where the conduc-
tances of φ = 0 and φ = 2π are discussed, we can
find that the role of the impurity in changing the
quantum transport is also remarkable in compari-
son with the results of t1 = 0 in Fig.6(a). Just as
exhibited in Fig.11(a) and (d), in this case even if
8ε is set to be zero, the extra coupling between the
impurity and QD-1 leads to the occurrence of an-
tiresonance: For the zero-magnetic-flux case by the
increase of t1 to t1 = Γ the antiresonance position
shifts left to ε0 = −Γ but when φ = 2π the antireso-
nant point shifts right to ε0 = Γ following the wide-
ness of the antiresonance valley. When the QD levels
are separated from the Fermi level with ε = 0.5Γ in
Fig.11(b) and (e) or ε = Γ in Fig.11(c) and (f), tak-
ing the case of t1 = 0.1Γ as an example, the contri-
bution of t1 to the conductance is obvious since the
differences between the conductance of φ = 0 and
φ = 2π. Namely, in the low or high energy regimes,
the widths of the antiresonance valleys when φ = 0
are different from those in the case of φ = 2π, respec-
tively; in addition, when φ = 2π the space between
the two antiresonant points is smaller compared with
the results in the case of φ = 0. Furthermore, with
the increase of t1, in the absence of magnetic flux
the antiresonance point in the high-energy regime
goes to vanish and the antiresonance appears at the
position of ε0 = −Γ, whereas in the case of φ = 2π
antiresonance in the low-energy regime disappears
and the antiresonance holds at the point of ε0 = Γ.
Therefore, it can be concluded that independent of
the QD levels, when the double-level impurity cou-
ples to both QDs uniformly, the conductance zero is
associated with the antibonding state of the impu-
rity when φ = 0 but when the magnetic phase factor
is tuned to φ = 2π the conductance zero emerges in
the case of the bonding state of impurity identical
with the Fermi level.
Finally, with respect to the case of the magnetic
flux phase factor φ = π, via the results in Fig.12(a)-
(c) it is found that despite the nonzero t1 the appear-
ance of double-level impurity also gives rise to two
resonant peaks in the conductance spectra, while in
this case no antiresonance comes about between the
two conductance peaks, but the increase of t1 can ef-
ficiently elevate the conductance valley. Combining
with the above results, we can further understand
the influence of finite-value t1 on the quantum inter-
ference in this structure. When a triple-level impu-
rity is considered, as shown in Fig.12(d), the effect of
nonlocal multi-level impurity can be completely un-
covered. It can be anticipated that under the condi-
tion of the uniform couplings of multi-level nonlocal
impurity to both QDs, when φ = 0 the conductance
zeros are associated with the odd-numbered (even-
numbered) eigenlevels of the odd-level (even-level)
impurity but when φ = 2π the opposite phenomenon
will come into being.44
With regard to the many-body effect in such a
case of nonlocal impurity, we take the example of
single-level impurity to show the change of conduc-
tance spectra. From Fig.13 with the identical QD-
impurity couplings, we can find that when Coulomb
repulsions are sufficiently strong, analogous to the
results of local impurity, the spectra have the oppor-
tunity to be divided into two groups. And also, in
the cases of ε = −Γ the electron interactions present
remarkable effect on the electron transport. How-
ever, in such a case the Coulomb interactions do not
lead to the disappearance or inversion of the Fano
lineshapes. By employing the results of Eq.(11), one
can understand this phenomenon. It is of course
that under the condition of the nonlocal couplings,
the Fano parameter qσ are modulated by the impu-
rity level as well, then, mathematically the presence
of Coulomb interactions influences the signs and val-
ues of the levels of QDs and impurity ( ε1 and ǫ1 ),
which weakens the effect of Coulomb interactions on
the Fano parameter.
IV. SUMMARY
In conclusion, in this paper we have theoreti-
cally investigated the quantitative effect of the lo-
cal and nonlocal impurities on the electron trans-
port through a double-QD AB interferometer, by
assuming impurities to couple to the QDs in the in-
terferometer arms. By plotting the linear conduc-
tance spectra vs the impurity levels, we have found
that at the zero-magnetic-flux case, the conductance
spectra show up as the Fano lineshapes even if the
presence of a single-level impurity, but the impurity-
caused Breit-Wigner lineshapes emerge in the con-
ductance spectra when the magnetic flux phase fac-
tor φ = π. Besides, the nonlocal coupling of impu-
rities to the QDs changes the period of conductance
change vs the magnetic flux from 2π to 4π. These
indicate the nontrivial influence of impurities on the
electron transport in this system. Furthermore, it
has been seen that for the cases of two identical im-
purities respectively coupled to the QDs with uni-
form couplings or an impurity coupled to both QDs
uniformly, the Fano antiresonances are only relevant
to the impurity levels, including the more interest-
ing transmission behaviors at the nonlocal-impurity
cases. By considering the many-body effect within
the second-order approximation, we also found the
important role of the Coulomb interaction in such
an electron transport process. All these results are
analyzed in detail, and we expect that the discus-
sion in such a work can be helpful for the relevant
experiment.
In the end, we would like to discuss the impurity-
driven spin-dependent electron transport when the
Rashba interaction is taken into account. Based on
the theoretical description, when the Rashba inter-
action is applied to the vicinity of either QD, e.g.,
QD-1, there will be a spin-dependent phase factor
σϕ added to the QD-lead coupling coefficients V1α,σ,
then, the interplay of the magnetic and Rashba fields
makes the conductance spectra of the opposite-spin
electron separated from each other27,28. Typically,
when the strengths of these two fields are assumed
to be φ = π2 and ϕ =
π
4 , respectively, the up-spin
electron thereby undergoes a π–phase-factor quan-
9tum interference while the down-spin electron un-
dergoes a zero–phase-factor quantum interference,
so the apparent spin polarization occurs in the elec-
tron transport process. Of course, the impurity can
not contribute to the occurrence of spin polariza-
tion. Here, we readily emphasize that in the cases of
different-property interferences, the impurity plays
different roles, i.e., the suppressing or enhancement
of electron transmission, so the impurity can effi-
ciently invert the spin polarization when the Rashba
interaction is introduced, and such an effect will be
more clear when multi-level impurity is considered.
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FIG. 1: (a) Schematic of a double QD AB interferometer
with a local threading magnetic flux by the presence of
impurities.
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FIG. 2: The conductance spectra affected by the single-
level impurity coupled to QD-2. The uniform QD levels
are assumed to be 0 in (a), 0.5Γ in (b), and Γ in (c).
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FIG. 3: The spectra of linear conductance with the
change of the coupling between QD-2 the impurity.
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FIG. 4: The Feynman-path analysis of the impurity-
modified quantum interference.
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FIG. 6: (a) The conductance spectra in the presence of
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level impurity.
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FIG. 9: The conductance curves in the presence of a
nonlocal single-level impurity coupled to the QDs, for
the cases of φ = 0 and φ = 2pi.
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FIG. 10: The conductance curves with a nonlocal single-
level impurity coupled to the QDs in the case of φ = pi.
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FIG. 11: The conductance curves with a nonlocal
double-level impurity coupled to the QDs, for the cases
of φ = 0 and φ = 2pi.
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FIG. 12: (a)-(c), the conductance curves with a nonlocal
double-level impurity coupled to the QDs when φ = pi.
In (d), the spectra about the triple-level nonlocal impu-
rity are shown.
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FIG. 13: The nonlocal-impurity–modified linear conduc-
tance spectra in the presence of the many-body terms
with U = 3Γ in (a) and (b). In (c) and (d), U = Γ and
1.5Γ are considered.
